Abstract. | To each number > 1 correspond abelian groups in R d , of the form = P d i=1 Z e i , which obey . The set Z of beta-integers is a countable set of numbers : it is precisely the set of real numbers which are polynomial in when they are written in \basis ", and Z = Zwhen 2 N. We prove here a list of arithmetic properties of Z : addition, multiplication, relation with integers, when is a quadratic Pisot-Vijayaraghavan unit (quasicrystallographic in ation factors are particular examples). We also consider the case of a cubic Pisot-Vijayaraghavan unit associated with the seven-fold cyclotomic ring. At the end, we show how the point sets are vertices of d-dimensional tilings.
Introduction
The conceptual role played by lattices of the form
Ze i ; as well as by integers in Crystallography is well known. Lattice nodes are geometrical support of atoms in \perfect" or \ideal" crystals, as they are support of Bragg peaks in the di raction pattern of the latter (Poisson formulae and related spectral measure theory). One can easily imagine that some \standard" quasilattice as well exists for \ideal" quasicrystal. Indeed, numerous experimental evidences force us to rank quasicrystal in the category of aperiodic structures with long range order. In particular, Bragg peaks beyond a certain intensity level are supported by model sets, and the cut and projection method has become like a paradigm in (almost) all geometrical models of quasicrystals. It turns out that these model sets can be always considered as a part of a more basic Delaunay set of the type (1) and Z is the so-called set of \beta-integers". Loosely speaking, the set Z is the set of real numbers which are polynomial in when they are written in \basis " (see De nition 3.1). Of course this set is not closed under ordinary addition and multiplication. So we could think we lose most of the nice algebraic properties of the lattices like their narrow relation with group theory and the subsequent possibilities of labelling and classifying crystals in Nature. Actually, we show in this paper that we can endow Z with adapted addition and multiplication which allow to partially restore those lattice algebraic features: = Z = : Thus it becomes clear we can initialize some labelling and classi cation programs which are based on these properties. Actually we can do better. The increasing sequence of Delaunay sets f = l g l2Z o ers an ideal discretization scheme for R d . As a matter of fact, they prove to be reliable backgrounds for numerical simulations (e.g.
Monte Carlo) of quasicrystalline ground states 9].
The paper is organized as follows. After the recalling of some de nitions and properties, we consider the case when is a quadratic Pisot unit. We give several combinatorial and algebraic properties, allowing to de ne addition and multiplication laws on the set of -integers. It follows that the set Z is a group isomorphic to the ring Zof integers. We could also de ne on Z a simple multiplication law that would allow us to consider Z as a ring isomorphic to Z , but we reject it, because it does not t well with the ordinary multiplication of real numbers. Instead, we shall propose another multiplication law which ts much more better to the ordinary multiplication and to our quasicrystallographic motivations. Unfortunately, this law is not associative nor distributive and so we lose the ring structure. We thus make complete results previously obtained in the quadratic case 4].
We then study a cubic Pisot unit, associated with a seven-fold symmetry. We give similar properties to the quadratic case. In particular we characterize the nite set F such that Z + Z Z + F.
We explain in Section 8 in what sense -integers can be of some use in the describing of some Delaunay sets in R d . Actually we shall restrict ourselves to the two-dimensional ve-fold structures, i.e. to the case = , for pedagogical purposes.
The standard example is the set of nodes of a Penrose tiling. Therefore it will be shown that such nodes are selected as points in the -lattice or -grid = Z + Z e i 5
by following an elementary algebraic procedure.
In the appendix, we show that for the case in which is a quadratic Pisot unit, the in nite word generated by the associated substitution is a Sturmian word | the generic case being the one associated with the golden mean.
Meyer sets and quasicrystals
We recall here several de nitions and results from Meyer that can be found in 12, 13, 14, 15, 16] .
A set R d is said to be uniformly discrete if there exists r > 0 such that every ball of radius r contains at most a point of . A set is said to be relatively dense if there exists R > 0 such that every ball of radius R contains at least a point of . If both conditions are satis ed, is said to be a Delaunay set.
A cut and projection scheme is the following Denote by byc and fyg the integer part and the fractional part of a number y. There exists k 2 Zsuch that k x < k+1 . Let x k = bx= k c and r k = fx= k g. Then for i < k, put x i = b r i+1 c, and r i = f r i+1 g. We get an expansion x = x k k + x k?1 k?1 + . If x < 1 then k < 0, and we put x 0 = x ?1 = : : : = x k+1 = 0. The -expansion of x is denoted by hxi = x k x k?1 : : :x 1 x 0 x ?1 x ?2 : : :
The digits x i obtained by this algorithm are integers from the set A = f0; : : : ; ? 1g if is an integer, or the set A = f0; : : : ; b cg if is not an integer. The set A is called the canonical alphabet. We will sometimes omit the splitting point between the integer part and the fractional part of the -expansion; then the in nite sequence is just an element of A N . If an expansion ends in in nitely many zeros, it is said to be nite, and the ending zeros are omitted.
There is a representation which plays an important role in the theory. By convention the greedy representation of 0 is the empty word ". Under the hypothesis that the ratio u n+1 =u n is bounded by a constant as n tends to in nity, the integers of the greedy U-representation of any positive integer N are bounded and contained in a canonical nite alphabet A U associated with U. We also extend the recurrence to elements with negative indices such as u ?n . Note that the characteristic polynomial is a multiple in Z X] of the minimal polynomial of .
The sequence U de nes the numeration system associated with . Let us consider the set Z X; X ?1 ] of formal polynomials in X and X ?1 . We de ne two applications. The rst one is
The second application is We have Proposition 5.1. | 6] The characteristic polynomial of the matrix of the substitution is equal to the characteristic polynomial of , and j n (a 0 )j is equal to the n-th term u n of the sequence U .
One can see the letters a i of A as the tiles de ned above, with length of a i equal to`(a i ) = T i (1) . Then the substitution acts on the tiles as multiplication by .
We point out that a 0 is always a proper pre x of (a 0 ). Thus for any integer j 2 N, j (a 0 ) is a pre x of j+1 (a 0 ) and we can de ne an in nite word ! which is xed under the action of . Let ! be the in nite word 1 (a 0 ) generated by , and let ! n be the pre x of length n of !.
Our purpose will be now to show the unique relation between the -integers and It is well known (see 6] ), that the sequence jw j jw ?1 j jw 0 j formed by the integers which correspond to the length of the words w i is the Urepresentation of n. This passage from words to real numbers gives us the required relation betweenintegers and pre xes of the in nite word !. Recall that b n denotes the n-th -integer. From the previous result, we have that b n = X ai2A j! n j ai T i (1):
Let a be in A . The counting -function a (n) for n 2 Zis de ned as a (n) = sgn(n)j! jnj j a :
In the following sections our aim will be to show that the set of -integers can be equipped with a suitable addition law which makes it a group isomorphic to the group of integers, in the case when is a quadratic Pisot unit, and in a simple cubic case, namely for the root > 1 of the polynomial X 3 ? 2X 2 ? X + 1. This law will be compatible with the ordinary addition, which means that if b m + b n 2 Z , then
We will also equip Z with a multiplicationlaw , which, despite its non-associativity and its non-distributivity, is compatible with the ordinary multiplication, and satis es 
Quadratic case
We consider only the case in which is a quadratic Pisot unit. There are two cases to be considered. The set Z equipped with addition is a group isomorphic to Z .
Of course, it seems now straightforward to de ne an operation of multiplication : Z Z ! Z on the group Z in order to obtain a ring isomorphism between Zand Z . Unfortunately, such operation would give us 6 = 2 . However at the price of losing the ring structure, let us try to nd such operation which is compatible wth the ordinary multiplication, that is, which satis es the condition: xy 2 Z ) x y = xy:
Such an operation exists and is de ned thanks to the following result. It is obvious that the operation de ned by (2) is commutative but is not associative. Moreover, the three sets consisting of f((x y) z) (?x (y z)) j x; y; z 2 Z g and the sets obtained by circular permuation are not nite. The same holds true for the set x (y z) (?(x y) (x z)). However, it would be interesting to give precise estimates on such sets in order to understand the deviation from a pure ring structure.
In the case of the golden mean = , x y (respectively x y) is actually the -integer closest to x + y (respectively xy). (ii) Let x = c 1 + c 2 be in Z ]. Then x is equal to b n for some n i S ( (x)) = c 1 :
(iii) S (n + m) ? S (n) ? S (m) 2 f0; 1g: (iv) Z + Z Z + f0; 1 g
Proof. | The proof is similar to that of Proposition 6.1.
(ii) Use just the fact that u 1 is equal to a here.
(iii) Let 0 be the Galois automorphism 0 : 7 ! 1= . For any n 2 N we have b 0 n 2 0; ) (see 4] ).
Similarly to the previous case, we can de ne an addition law on Z . From Proposition 6.4 (iii), we see that any number of the form x + y, where x; y 2 Z , can be uniquely written as x + y = z + , where z 2 Z ; 2 f0; 1g. Thus we de ne on Z an internal operation of addition : Z Z ! Z x y = z: Thus b n b m = b n+m and is compatible with the ordinary addition. As above, we have Theorem 6.5. | Let > 1 be the root of the polynomial X 2 ? aX + 1; with a 3.
The set Z equipped with addition is a group isomorphic to Z .
The operation of multiplication is de ned by using the same criterion as in the previous case: (5) Of course, we know that, from the point of view of the cut and projection method, the inclusion with only two intersecting sets is not exhaustive but a closer look at the structure of Z shows deep di erences with the quadratic case. The analysis of the structure of Z shows that it is not possible anymore to nd a nite number of windows in order to obtain an equation similar to (3) or (4). Thus, in the cubic case, cut-and-project sets and -integers are not so much compatible as they were in the quadratic case. Now, in order to nd minimal intervals in (5), we use a recurrence formula for To end the proof we assume that m 0; n 0 and m + n 0. (iv) It is a consequence of the proof of (iii)-(10).
As a consequence of the previous result we obtain that any number of type x + y, where x; y 2 Z , can be uniquely written as x + y = z + f; where z 2 Z , f 2 F, and To be complete, let us remark that one can de ne a multiplication law, which satis es (2), but the formula seems rather complicate: b m b n = b mn? ; where
8. Tau-integer labelling of two-dimensional structures It is well known that the condition 2 cos 2 n 2 Zcharacterizes n-fold Bravais lattices in R 2 (and in R 3 ). Let us put = e 2 i n ; n = 1. If we consider the Z -module in the plane : Z ] = Z+ Z + Z 2 + + Z n?1 ; we get the cyclotomic ring of order n. This n-fold structure is generically dense in C , except precisely for the crystallographic cases, that is, for n = 1, n = 2, n = 3, n = 4 and n = 6. We indeed check that Z ] = Zfor n = 1 or 2, Z ] = Z+ Z i for n = 4 (square lattice), and Z ] = Z+ Z e i 3 for the hexagonal cases n = 3 and n = 6. If n is not crystallographic, 2 cos 2 n is an algebraic integer of degree m bn?1c=2.
A cyclotomic Pisot number with symmetry of order n is a Pisot number such that If we now consider the following -lattices in the plane, ? q = Z + Z q ; q = 1; 2; 3; or 4; (12) we can easily guess that none of them is identical to (11) . This fact is obvious by simple inspection of Fig. 2 in which the set ? 1 is displayed.
On the other hand, we can prove ( 4]) the following inclusions ? q Z ] ? q 4 : (13) One can understand from this illustrative example that the -lattices ? q are \univer-sal" labelling frames for a large class of planar pentagonal or decagonal quasilattices of interest in physics. Universal means that it is always possible to embed into a suitably de ated or in ated version of such \ -square" papers ? q = j ; j 2 Z : where P is bounded in the plane. Then it is just a matter of choice of appropriate scale and origin in order to get P + Z 0 + Z 0 3q = ? ? q , with the notations of (13), and for a certain q = 1; 2; 3; 4. It follows the embedding into a -lattice ? q and hence the labelling of the quasilattice points with those of ? q : P = fz 2 Z + Z q = ? q such that z ? ? 2 Pg: A nice example of such a embedding/labelling is provided by Penrose tilings 19] and their di raction patterns. We show in Fig. 3 how the set of Penrose tiling vertices is actually a subset of the lattice ? 1 . The Bragg peaks, beyond a given intensity, of the corresponding di raction pattern are shown in Fig. 4 .
For understanding Fig. 3 , we start from a -lattice of the type ? q = Z + Z q , and follow a precise algebraic ltering in order to get a Penrose set as a subset. The procedure is based on both algebraic colouring and conjugation 17]. The introduction of colour stems from the fact that the integral coordinates (n 0 ; n 1 ; n 2 ; n 3 ; n 4 ) of a cyclotomic number z = n 0 + n 1 + n 2 2 + n 3 3 + n 4 4 in Z ] are not unique. The quantity n 0 ? n 1 + n 2 ? n 3 + n 4 is de ned modulo 5, due to the identity 1 ? + 2 ? 3 + 4 = 0. Therefore, there are ve (algebraic) colours, each one corresponding to an equivalence class modulo 5. Hence there exists a colouring ring homomorphism : Z ] ! Z =5Zgiven by z = n 0 + n 1 + n 2 2 + n 3 3 + n 4 4 7 ! (z) = n 0 ? n 1 + n 2 ? n 3 + n 4 ;
where the overbar designates the equivalence class modulo 5. Note that the colour of is 3, and the latter is the unique root of the equation x 2 = x+1 in Z =5Z. Also note that colour is left unchanged under algebraic conjugation, since (? 1 (k); where (k) = fz 2 Z ] j (z) = k; z ? ? 2 P k g; (14) where P 1 is the pentagonal convex hull of the ve points 1; 2 ; 4 ; 6 ; 8 (all with colour 1), P 4 = ?P 1 , P 3 = P 1 , and P 2 = ? P 1 . Note that the other pentagons have vertices with colour 4, 3, and 2 respectively. This is consistent with (14 Next we notice that P 1 P 4 1 P 2 1 P 3 R q for q = 2 or 3, whereas 1 P 1 1 P 4 1 2 P 2 1 2 P 3 R q for q = 1 or 4. So a suitable scaling allows one to view Penrose vertices as elements of the labelling lattice ? q . As a matter of fact, for q = 1 or 4, and with = 0, we Now, an arbitrary Penrose tiling of the plane with two types of rhombic tiles, like it appears in familiar pictures, is as \democratic" as its one-dimensional counterpart, namely the Fibonacci chain. This means that it is in some sense optimal with respect of the inclusion property ? ? q ; for an appropriate choice of scale. For instance, if we put the length of the rhomb edges equal to 4 , choose one of the vertices as the origin O, and one of the edges issued from 0 as the complex 4 , then ? 1 .
Conclusion
We would like to end this paper with some comments on the relationships between model sets and the set of beta-integers. In order to make things as simple as possible, let us come back to the example of the Fibonacci chain developped in Example 2.1.
Recall that the Fibonacci chain F is F = fx 2 Z ] j x 0 2 0; 1)g:
It is a model set. Actually its is the one-dimensional toy prototype in quasicrystalline studies, see 10] . The tiling associated with it has 2 tiles, and is not symmetrical. No point is favoured. In this sense we can say that the Fibonacci chain is an homogenous set.
The set F (?F) is also a model set, F (?F) = fx 2 Z ] j x 0 2 (?1; 1)g:
In constrast, this set has a speci c point, the origin! However, this symmetrical tiling is more complex, in the sense that it has three tiles. On the other hand, the set Z of -integers is symmetrical. The tiling associated with it has 2 tiles. This set is not a model set, but it is a Meyer set. Let us now show that the -integers are above all perfect labelling frames for the model sets of the above type.
In 4] we have shown that F (?F) = fx 2 Z j x 0 2 (?1; 1)g which means that the points of Z enumerate the model set F (?F). From that follows that, for each x 0 in F, F Z + fx 0 g. Thus, if we choose a point in F for origin point of Z , then all the points of F are in Z , and therefore the -integers form a labelling of the Fibonacci chain F. 
Appendix
In the case in which is a quadratic Pisot unit, the statements given in Proposition 6.1 (iii) and in Proposition 6.4 (iii) mean that in the in nite word generated by the substitution the di erence between the number of S's in two di erent factors of same length is bounded by 1. In fact, this result can be obtained using the theory of Sturmian words.
A Sturmian word is an in nite word such that the number of factors of length n of the in nite word is equal to n + 1. They are de ned on 2-letter alphabets, for The following result is straightforward. Remark that for the cubic case, Proposition 7.2 (iv) gives a property of \qua-sibalance" for the in nite word generated by the substitution, which seems to be interesting to study.
